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Abstract. If x is a primitive character of the solvable group G, and if x{l) 
is odd, then we associate to x iii a unique way, a conjugacy class of subgroups 
U Q G which satisfy XX = (If/)"- Furthermore, if G has odd order and 
XX = (ly)*^ for some subgroup U Q G, then conditions on U exist which are 
sufficient for x to be primitive. We investigate this, giving some applications 
to properties of primitive characters of solvable groups. 



1. Introduction 

Let G be a finite group. Then x G Irr(G') is quasi-primitive if its restriction to 
any normal subgroup TV < G is a multiple of an irreducible character of TV, and x is 
primitive if it cannot be obtained by inducing a character of a proper subgroup of G. 
In any group, Clifford theory shows that primitive characters are quasi-primitive, 
but for solvable groups the converse is also true by Berger's well known theorem 
( [l2l Theorem 11.33]). We are always concerned with solvable or p-solvable groups, 
but we usually refer to quasi-primitivity in the statements of results, to indicate 
where quasi-primitivity is the property actually used in a proof. 

This paper arose from considering an interesting theorem, due to Gabriel Navarro, 
on the zeros of primitive characters of p-solvable groups (see Theorem A in Sec- 
tion 2, below), and afterwards reading the paper [9] of Ferguson and TuruU, which 
presents a theory of factorization of quasi-primitive characters. These sources lead 
us to investigate permutation characters associated with quasi-primitive characters 
of suitably solvable groups. If G is solvable, and x & Irr(G) is quasi-primitive and 
has odd degree, then we show that there always exists a subgroup U C G such that 

(t) XX^iluf, 

the permutation character of G acting on the cosets of U. Moreover, U can be chosen 
in a prescribed manner. See Theorem C in Section 2. There exist irreducible 
characters of solvable groups which are not quasi-primitive, and yet which have 
an expression of the form (f). However, at least when G is odd, conditions on 
the subgroup U in (f) may be found which are necessary and sufficient for x to 
be quasi-primitive. These conditions are the subject of Theorems E and F. The 
existence of such conditions implies that in a group G of odd order, if Xi V' G Irr(G) 
and XX = '0V': (i-S- if |x(5)l = IV'(5)I for 9 ^ G), then x is primitive if and 
only if -0 is primitive. (See the remarks after Theorem F in Section 2.) 

Using our results, we give a nice proof of a theorem of Isaacs on the restriction 
of certain quasi-primitive characters to normal subgroups, in the case |G| odd (see 
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Corollary I), and we show that an analogous result holds in some cases for non- 
normal subgroups (Theorem J). We also give a proof, in the case that G has odd 
order, of a result of Ferguson and Isaacs (their result is Theorem A in [8J), showing 
that multiples of primitive characters also cannot be induced from proper subgroups 
(see Theorem KJj. In Corollaries L - Q, we give various properties of characters of 
solvable groups which are direct consequences of the existence of an expression (f). 

The paper is organized as follows. Section 2 contains statements of our results. 
In Section 3, we study strongly irreducible characters (see that section for the defi- 
nition), and prove Theorems A and B. Our proofs of these results are elementary, 
apart from a standard application of projective representations. Section 4 is con- 
cerned with (mostly known) properties of solvable groups, and it is convenient to 
prove Theorems G and H there. Then in Section 5, we prove Theorems C and 
D. Section 6 contains the proofs of Theorems E, F, J and K. The short proofs of 
Corollaries I and L - Q are given immediately after their statements in Section 2. 

We have attempted in this paper to give a fairly self-contained development, 
indicating where results are known. In particular, part of the work can be cir- 
cumvented by appealing to a deep result of Isaacs ([HI Theorem 9.1]) on ramified 
sections of odd order. We also need a consequence of this well known result for 
our proof of Theorem K. See Theorem 1 5 . 31 and CoroUarv lS. 41 below. There is also a 
degree of overlap with the paper [S] of Ferguson and TuruU referred to above. 

Groups considered in this paper are finite. We have tried to state our results 
with only the necessary solvability conditions. These always include the condition 
that G is p-solvable for each prime p dividing x(l)j i-e. G is 7r(x(l))-solvable, where 
7r(ri) denotes the set of prime divisors of n. The reader who prefers to, may assume 
that all groups considered are solvable and ignore the various solvability conditions 
in our definitions and results. We usually need or even \G : Z{x)\ to be odd, 

where as usual Z{x) is the pre-image in G of the centre of G/kerx- 

2. Statement of results 
The following is the theorem of Navarro mentioned in the introduction. 

Theorem A ( 17J, Theorem A). Let p be a prime and suppose G is p-solvable. 
Suppose X G Irr(G') is quasi-primitive and has x(l) a power of p. Let x & G, and 
let Xp denote the p-part of x. Then xi^) 7^ if and only if xi^p) 7^ 0- 

Our proof also yields: 

Theorem B. Suppose x G Ii'r(G) is quasi-primitive, and assume G is 7r(x(l))- 
solvable. Then |x(a;)|^ is either zero, or is a positive integer dividing x(l)^- 

Our main results are Theorems C - K below. To begin, we need the following 
(non-standard) definition. 

Definition. Let U C G, be a subgroup of the group G. Then [/ is a complete 
intersection if the following hold. 

(1) G is p-solvable for each prime p dividing |G : U\ . 



The prior result of Ferguson and Isaacs, which includes Theorem K, was kindly pointed out 
to me by I. M. Isaacs. I regret the lack of attribution in the original version of this paper. 
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(2) There exist maximal subgroups Mi C G such that 

U = f] M, and \G ■.U\^\[\G -.Mi]. 

i i 

As mentioned in the introduction, the reader who prefers can assume that ah 
groups considered are solvable and ignore condition (1) and analogous conditions 
below. 

If the Mi forming the intersection in condition (2) are to be specified, then we say 
that U is the complete intersection of the Mi. We regard G itself as the complete 
intersection of the empty set of maximal subgroups. liU H C G then to avoid 
ambiguity we may say U is a complete intersection in G or in H, to indicate that 
the Mi in condition (2) are maximal subgroups of G, or respectively of H. 

Theorem C. Suppose x G Irr(G) is quasi-primitive and is odd, and assume 
G is 7r(x(l))-solvable. Let Tt{x) be the set of subgroups H oi G which satisfy 
that is a complete intersection, and that x\h has no zeros. Let SHo(x) be the 
set of maximal elements of 3Jl(x)j with respect to its partial ordering by inclusion. 
Then 3Jlo(x) consists of exactly one conjugacy class of subgroups of G, and for 
U e OTo(x), we have XX = i'^u)^ ■ 

Proof. Sec Section 5. □ 

Theorem C does not hold in general when x(l) is even. See Remark (1) at the 
end of this section. The next result expresses a relationship between Theorem C 
and the factorizations of quasi-primitive characters studied by Ferguson and TuruU 
in [9]. Here and often in the sequel, we use the concept of an extension of a group 
G, which means a group G and a homomorphism n : G G onto G. The extension 
is central if kervr C Z{G). 

Theorem D. Suppose x G Irr(G) is quasi-primitive and assume x(l) is odd and 
G is 7r(x(l))-solvable. By Theorem C, let U G 9Jlo(x)- Then there exist pairwise 
inconjugatc maximal subgroups Ali of G, a central extension n : G ^ G, and 
irreducible characters pi G Irr(G) such that 

(1) U is the complete intersection of the Mi. 

(2) pipi = where Mi = TT^^{Mi), the pre-image of Mi in G. 

(3) X ^ Yii Pi^ where x = X o is the lift of x to G. 

Proof. Sec Section 5. □ 

Our next results come from asking what properties characterize the subgroups U 
in the statement of Theorem C. If x S Irr(G) where G is solvable and xX = i^u)'^ 
for a subgroup of G, then we cannot conclude that x is quasi-primitive without 
further conditions on U, even if [/ is a complete intersection as in Theorem C. For 
example, if Xii « = 1, 2 are quasi-primitive and satisfy XiXi = i'^Ui)'^ for subgroups 
Ui,U2, and if x = X1X2 is irreducible, then it is easy to see that xX = i^UinUi)'^ 
and Ui nJ72 is a complete intersection. However, X1X2 need not be quasi-primitive. 

To state Theorems E and F, we introduce some further notation. Suppose M 
is a maximal subgroup of the p-solvable group G, and suppose p divides \G : M\ . 
Then G/CoreciM) has a unique minimal normal subgroup, which we will always 
denote by Xm- In fact, Xm is an elementary abelian p-group, and we regard it as 
a simple right FpG-module via conjugation. See Lemma [4771 for these facts. Also, 
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for any abelian group X, acted on by G, we let X* denote the dual module, i.e. 
Irr(X) with natural G-action X^{x^) — X{x). 

Definition. Let G be a finite group and let ?7 C G be a subgroup of G. Then U 
is a regular intersection if there exist maximal subgroups Mi C G such that the 
following conditions hold: 

(1) G is p-solvable for each prime p dividing |G : U\ . 

(2) u = r\^M.. 

(3) For any i ^ j, Xmi is isomorphic neither to Xmj , nor to X^.j, as G-module. 

A regular intersection is, in particular, a complete intersection (see Lemma 
I4.14r i) in Section 3). The following pair of theorems shows that, at least in a 
group of odd order, we have a characterization of quasi-primitive characters, as ex- 
actly the irreducible characters which satisfy XX = {^u)'~^ for a regular intersection 
U C G. Actually, only one direction (Theorem F) requires an oddness assumption. 

Theorem E. Suppose x G Irr(G) satisfies xX — i^u)'^ , for a subgroup [/ C G. If 
[/ is a regular intersection, then x is quasi-primitive. 

Proof. See Section 6. □ 

Note that in view of part (1) of the definition of a regular intersection, the group 
G in Theorem E is automatically 7r(x(l))-solvablc. 

Theorem F. Suppose x ^ Irr(G) is quasi-primitive, and assume G is 7r(x(l))- 
solvable and |G : Z{x)\ is odd (so that in particular, x(l) is odd and Theorem C 
applies). Let U G OTo(x). Then [/ is a regular intersection. 

Proof. See Section 6. □ 

Remarks. 1. The concept of a regular intersection is parallel to the odd order 
case of the admissible sets of prime characters introduced by Ferguson and TuruU 
ini. 

2. Theorem F does not exclude the possibility that x has an "extra represen- 
tation" XX = i^v)'^ for some subgroup V ^ 9Jlo(x)- If so, then Theorem C shows 
that V cannot be a complete intersection. We do not know if such an "extra 
representation" can actually occur, however. 

3. As remarked in the Introduction, Theorems E and F imply that, if |G| is 
odd and x, G Irr(G) have xX = V'V': then x is quasi-primitive if and only if ip is 
quasi-primitive. For if one of x or "0 is quasi-primitive, say Xj then by Theorem F, 
U G SWo(x) is a regular intersection and satisfies xX = V'V' — i^u)'^ , so both x and 

are quasi-primitive by Theorem E. 

In the situation of Theorem C, ii U G 97lo(x) is a regular intersection (as is the 
case when |G : Z{x)\ is odd, by Theorem F), then U also has a property dual to 
that of Theorem C. Namely, if C G is a complete intersection, then x vanishes 
off the union of the conjugates of V if and only if V is conjugate to a subgroup of U. 
Thus in this case, 9Jlo(x) is also characterized as the set of subgroups of G which are 
complete intersections, have x supported on the union of their conjugates, and are 
minimal subject to these conditions. This is a consequence of Theorem G below. 

Theorem G. Suppose x G Irr(G) and xX = i^u)'^ where f/ is a regular intersec- 
tion. (This holds by Theorem F when x is primitive and |G : Z{x)\ is odd.) Let 
V C G he a complete intersection. Then the following are equivalent 
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(1) X vanishes off the union of the G-conjugates of V. 

(2) U is conjugate to a subgroup of V. 

Furthermore, if ^ is a maximal subgroup of G, then either (1) and (2) hold, or x\v 
is irreducible. 

Proof. See Section 4. □ 

Theorems F and G imply the following fact about restricting quasi-primitive 
characters to maximal subgroups: If |G| is odd, y is a maximal subgroup of G, 
and X 6 Irr(G) is quasi-primitive, then either x vanishes off the union of the G- 
conjugates oiV, ov x\v is irreducible. 

In the rest of this section we give some applications of Theorems C - F. First, in 
Theorem H and Corollary I, we give a proof of a theorem of Isaacs ( |l3i Theorem 
B]) in the case |G| odd. 

Theorem H. Let p be any prime. Suppose N <] G and |G : A^j is a power of p. 
Suppose [/ C G is a regular intersection such that |G : J7| is also a power of p. Then 
U O N is a regular intersection in N. 

Proof. See Section 4. □ 

Corollary I. Let G be p-solvable and suppose |G| is odd. Let N <] G with |G : 
a power of p. Suppose x ^ Irr(G) is quasi-primitive and has x(l) ^^Iso a power of p. 
Then x\n is irreducible and quasi-primitive, and TIo{x\n) = {U Ci N\U G 9Jlo(x)} • 

Proof. By Theorem C, XX — {^u)'~^ where U G ^o{x), and by Theorem F, since 
|G| is odd, C/ is a regular intersection in G. If NU is a proper subgroup of G, then 
since G/N is nilpotent, there is a normal subgroup M <l G with \G : M\ = p and 
NU C M. Then since xX = (Ic/)'', it is clear that x vanishes off M, and since 
M is normal of prime index, therefore x is induced from M, a contradiction. We 
conclude that NU = G. Thus [x,x]Af = [(Ic/)*^, 1]^ = 1, so x\n is irreducible and 
XxIa^ = {'^uhn)^ ■ By Theorem H, U Ci N is a regular intersection in TV, so by 
Theorem E, x\n is quasi-primitive. Since U D N is a regular intersection, it is a 
complete intersection (we prove this easy fact at Lemma |4?14[l) in Section 4), and 
since xx\n = {^uhn)^ , clearly x\unN has no zeros, so U Ci N e TI{x\n)- Then by 
Theorem C, there exists W G DJIo{x\n) with U Ci N C W, and equality holds since 
^\G:W\ by Theorem C. Hence U n N e TIo{x\n) as required. □ 

In Corollary I, the subgroup iV is a normal subgroup of G. The following curious 
result shows that the normality assumption can be dispensed with when is not 
too large. 

Theorem J. Suppose x G Irr(G) and xx = i^u)^ where U is a regular intersection. 
Assume x(l) = P°'^ where p is an odd prime and a < p. Let _ff be a subgroup of G 
with |G : H\ also a power of p. If x\h is irreducible, then it is quasi-primitive. 

Proof. See Section 6. □ 

Our next result is a strengthened form of Berger's theorem ([T^l Theorem 11.33]) 
for groups of odd order. Berger's theorem for groups of odd order is the case e = 1. 
After the original version of this paper was written, it was kindly pointed out to 
us by I. M. Isaacs that this result is essentially the odd order case of a theorem of 
Ferguson and Isaacs, Theorem A in [8]. 
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Theorem K (cf. Theorem A in [8]). Let x G Iri'(G) be quasi-primitive and suppose 
G is 7r(x(l))-solvable and \G : Z{x)\ is odd. Suppose H C G and 6* is a character 
of H with d'^ = ex for some e e N. Then H = G. 

Proof. See Section 6. □ 

Corollary L. Let N <J G where G is solvable, and assume A'' has odd order. Let 
X £ Irr(G') and suppose x|jv = e0 where 9 G Irr(iV) is quasi-primitive. Suppose 
X = /i*^ for a subgroup H <Z G and /i G Irr(_ff). Then H D N and fiN ^ fd. 

Proof. By Mackey's theorem, (/i|ivnff)^ is a summand of ii'^\n ~ x\n ~ s9. Hence 
(pi'lNnH)^ = fd for some /. By Theorem K, this can only happen ii N Ci H = H, 
so H ^ N. Then = f9 as claimed. □ 

In particular, if iV < G is a normal subgroup of odd order and 9 G Irr(iV) is non- 
linear, quasi-primitive and stable in G, then Corollary L shows that no x £ Irr(G|(?) 
can be monomial. Example 6.4 in [13j shows that this need not hold when 9 is not 
stable in G. 

Our remaining results are direct corollaries of Theorem C, and only use the 
existence of a subgroup U with xx = (Ic/)'^- For simplicity, we restrict our attention 
to solvable groups in the statements of these results. 

Corollary M. Let G be solvable and suppose x £ Irr(G) is primitive and is 
odd. Then |x(a^)| < for any integer m. 

Proof. By Theorem C, there exists U C G with xX — i^u)^ ■ Thus for x E G, 
\x{x)\ is the number of fixed points of x in its coset representation on U. But all 
such points are also fixed by x'^, and the result follows. □ 

In particular, in Corollary M, if xi^) then xi^"^) for any integer m. 
This improves the "only if" side of Theorem A, when x(l) is odd. 

As further corollaries of Theorem C, we mention some results about zeros of 
characters of solvable groups. Following [TD], we write n^^ = lcm{o(x)|x(a;) ^ 0} , 
the least common multiple of the orders of elements in the support of x- If G is 
solvable then by [TH Corollary 4.3], for any x G Irr(G), divides |G| /x(l)- When 
X is primitive of odd degree, we have: 

Corollary N. Let G be solvable and suppose x G Irr(G) is primitive and x(l) is 
odd. Then x(l)^"-x divides |G| . 

Proof. By Theorem C, there exists U C G with xX — i^u)'^ ■ Hence if x G G 
and x{^) 7^ 0, then some conjugate of x lies in U. Hence the order of x divides 
\U\ ~ \G\ /x(l)^, as required. □ 

Corollary O. Let G be solvable and suppose x G Irr(G) and x(l) is odd. Suppose 
n-^ = \G\ /x(l)- Then x is monomial. 

Proof. We have x — "0*^ for some subgroup H C_ G and primitive ip G Irr(i/) of 
odd degree. If xi^) 7^ then for some g E G, x^ lies in H and has 0- 
By Corollary N, the order of x divides \H\ Hence divides \H\ /-0(1)^ = 

|G| /(x(l)V'(l))- But TLj^ = |G| /x(l) by supposition. Hence -0(1) — 1 and x is 
monomial. □ 



Two final applications of Theorem C are as follows. 
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Corollary P. Let G be solvable. Suppose x G Irr(G') has odd degree and let tt be 
the set of primes dividing x(l). Suppose that X — 11 "04 niay be written as a product 
of primitive characters V'l G Irr(G). Let H (- G and let iJjr be a Hall 7r-subgroup 
of H. Then x\h e Irr(7J) if and only if x\h^ G Irr(iJjr)- 

Proof. The "if" part is clear. For the "only if" part, since each "04(1) is odd, then 
by Theorem C, for each i there exists a permutation representation G x $7^ ^ fi^ 
whose character is V'iV'i- Then the action of G on SI = Hi ^« affords XX^ a-nd 
since [xx, 1] = [XjX] = 1; it follows that G acts transitively on Q. and we have 
XX = {^k)'^ ^ where K is the stabilizer of a point of SI. Now if L C G is any subgroup, 
then x|l is irreducible just when [xXjIJ-R" = [(11)*^, = 1, that is, just when 
LK = G. Hence HK = G, and we must show that H^K = G. But x(l)^ = \G -.K] 
is a TT-number, so |G|^, divides \K\ . Hence \HTrK\ = \H\^ \K\ / jiJ^r H K\ is divisible 
by |G|^, and also by \H\^ \K\^ / \H r\ K\^ ^ \HK\^ ^ \G\^ ■ Hence H.,K = G as 
required. □ 

We use Corollary P to generalize [HI Theorem 6.23]. li H C G and x G Irr(G), 
we say that x is a relative M-character with respect to H if there exists K D H 
and (fi € Irr(iir) with (p\h G lri{H) and ip'^ — x- (When iJ is a normal subgroup, 
this is [TT. Definition 6.21].) 

Corollary Q. Let G be solvable and suppose H C G has abelian Sylow p-subgroups 
for each prime p. Let x G Iri'(G), and suppose that at least one of x(l) or \H\ is 
odd. Suppose x is a relative M-character with respect to H. Then x is monomial. 

Proof. By hypothesis, there exist K ^ H and (p G Irr(i4r) with (fin G Irr(i?) and 
(fi^ — X- We may write (p — fi^ for some L C K and primitive fj, G Irr(L). By 
the theory of special characters (e.g. [15l Corollary 21.8]), there exist characters 
fip G Irr(i) with /i = OpMpj where p runs over the primes dividing /i(l). Each 
Hp is primitive, since fj, is. Since (p\h — IJ-^\h is irreducible, certainly ii\LnH is 
irreducible, and hence so is ^J,p\LnH- Since at least one of ^(1) or \LriH\ is odd, 
actually fi{l) must be odd, so Corollary P shows that /ip remains irreducible on 
restriction to the Sylow p-subgroups of L Cl H. These, however, are abelian, so fip 
is linear for each p. Thus ^ is linear and x = is monomial, as required. □ 

Remarks. 1. Theorem C is false without the condition that x(l) be odd. For 
example, let G be the general linear group GL2{¥3). Then G is a solvable group of 
order 48, and G has an irreducible primitive character x of degree 2. Also, G has 
elements x and y of order 3 and 8 respectively, such that xi^) and xiu) are not zero 
and x(2/^) — 0- The latter is contrary to the conclusion of Corollary M, and shows 
that no equation xx = i^u)^ can hold. The order of y does not divide 48/x(l)^ = 
12, contrary to the conclusion of Corollary N, and = 24 = |GL2(IF3)| /x(l): but 
X is not monomial contrary to the conclusion of Corollary O. 

2. In Corollary O, the condition = \G\ /x(l) is satisfied infinitely often. For 
example, suppose G has squarefree order and let x be any irreducible character of 
G of odd degree. If p is a prime dividing |G| /xi^)^ and a; £ G has order p, then 
p cannot divide x(l)7 and it follows that x{^) 7^ and hence that p divides n^. 
Therefore = |G| /x(l)- (Of course, any character of a group of squarefree order 
is monomial.) 
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3. Proof of Theorems A and B 



To prove Theorems A and B and provide the basis for our other results, we first 
study strongly irreducible characters, as defined by Brauer in [T]. Recall that if 
X G Irr(G), then Z{x) is the pre-image in G of the centre of G/keix- 

Definition (pj, Definition f.l). Let x ^ Irr(G'). Then x is strongly irreducible if 
whenever N <l G, then either N C Z(x) (so that x\n — xi^)-^ for some linear 
character A G Irr(A^)), or x\n is irreducible. 

Note that a strongly irreducible character is, in particular, quasi-primitive. We 
also have the following easy observation. 

3.1. Lemma. Let x G Irr(G) and let N <\ G with N C kerx. Then x is strongly 
irreducible if and only if x is strongly irreducible viewed as a character ofG/N. 

Proof. It is immediate from the definition that x G Irr(G) is strongly irreducible 
if and only if for any L <\ G, either [x,x]l — 1 or [x,x]l — x{^Y ■ However, since 
TV C kerx, we have [x, x\l — [Xi 'x\ln/n, where on the left, we view x G Irr(G'/A^). 
The result follows. □ 

When X £ Irr(G) is strongly irreducible and G satisfies a suitable solvability 
hypothesis, then we have restrictive information about G and x, as follows. 

3.2. Proposition. Let G be p-solvable and suppose x G Irr(G) is faithful and has 
x(l) divisible by p. Let Z be the centre of G, and let K <\ G with Z G K be such 
that K/Z is a minimal normal subgroup of G/Z. Suppose that x\k is irreducible. 
(In particular, this is the case if x is strongly irreducible.) Then the following hold. 

(1) K/Z is an elementary abelian p- group. 

(2) For any cc G G, 



(3) K/Z = Cq/z{K / Z), and is the unique minimal normal subgroup of G/Z. 

(4) X is strongly irreducible. 

Parts of Proposition l3.2l are contained in Ij (see particularly Proposition 3C and 
Corollary 3D), but we offer a different approach, based on the following elementary 
lemma, which is essentially [121 Problem 3.12]. If x and y are elements of a group 
G then [x,y] denotes their commutator: [x,y] = x~^y~^xy. 

3.3. Lemma. Let G be a group and let x G Irr(G). Suppose K <\ G and x\k G 
Irr(i4r). Then for any a; G G, 



Proof. Fix X e G and let H = K{x). Then K C so certainly x\h G lrr{H). Let 
K. G Z{CH) be the class sum over x^ = x^ , and let 9^ be a representation affording 
X. Then 1H(/C) = lu{x)I, where / is the identity matrix and uj{x) — |x^|x(a;)/x(l)- 
Hence D\{x^^lC) — uj{x)D\{x^^). Taking traces gives uj{x)x{x^^) = J2y£x'< x{x~^y), 
or 





otherwise. 



X{x) 



\K\ 
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as required. □ 

Proof of Provosition \3.SX (1) By hypothesis x\k G Irr(_fi'), so divides \K/Z{K)\ 
and so certainly p divides \K/Z\ . Since K/Z is a chief factor of the p-solvable group 
G, K/Z is an elementary abelian p-group as stated. 

(2) We have x\z = x(l)'^; where A is a faithful linear character of Z. Since 
x(l) > 1, it follows from [T^l Theorem 6.18] (we have case (b) of that theorem) that 
X and A are fully ramified with respect to K/Z. This means that x(l)^ = \K : Z\ 
and X vanishes on K\Z. Hence, Lemma 13.31 gives, for any x G G, the expression 



' ' keK\[x,k]ez ' ' keK\[x,k]ez 

Write Ux — Cg{x mod Z) = {k e K\[x,k] € Z} for the range of summation. We 
have Z C Ck{x) Q and U^/Z = Cx/z{xZ). The map 1/^ ^ Z given by 
k I— > [x, k] is a homomorphism. Lifting A to Ux via this map, the formula above 
becomes 

\x{xf = \Ux:Z\[\,l]u^. 

The right hand side is non zero if and only if A = lu^, that is if and only if 
Ux — Ck{x), and its value in that case is \Ux ■ Z\ ~ \Ck{x) : Z\ as required. 

(3) First, we show that Cg{K) = Z. Let x e Cg{K). Then K = Ck{x) ^ Ux Q 
K, so by part (2), |x(a;)|^ = \K : Z\ = x(l)^- Since x is faithful, it follows that 
X e Z, so indeed Cg{K) = Z. 

Now let L^K be such that L/Z ^ Cg/z{K/Z). Since Cg{K) = Z,iixe L\Z 
then Ck{x) ^ K, but by hypothesis Cx/zixZ) = K/Z. By part (2), x{x) = 0. 
Hence x vanishes on L\Z. Since L ^ K, certainly x\l G Irr(L) and = 
[X,x]z/ \L:Z\^ 1. Therefore x(l)' = [x,x]z = \L:Z\. But x(l)' = \K:Z\, so 
L = K and we conclude that Cg{K/Z) = K/Z as desired. The last statement is 
clear, since any two distinct minimal normal subgroups of any group must intersect 
trivially, and hence must centralize each other. 

(4) Let < G be any normal subgroup with N Z. We have to show that x\n 
is irreducible. Now NZ/Z is a non-trivial normal subgroup of G/Z, so by part (3), 
K C NZ. Hence x\nz G lTr{N Z) and so clearly x\n S Irr(7V). This completes the 
proof. □ 

The next result was stated by Brauer in a more general form (1, Proposition 
6E]) and is also contained in ([9l Theorem 1.13 and Corollary 1.14]). As these 
authors show, the solvability hypothesis is not actually necessary, but it will not 
restrict our use of the result. 

3.4. Proposition. Suppose x G Irr(G) is quasi-primitive and assume G is 7r(x(l))- 
solvable. Then there exist a central extension tt : G ^ G and strongly irreducible 
characters pi, p„ S Irr(G) with Y[7=i Pi ~ Xi where X — X ° ^ift- of x 
G. 

The proof requires the following lemma, which may also be found at [91 Lemma 
1.1] and 1, Proposition 3C]. 

3.5. Lemma. Let xijX2 £ Irr(G) and suppose Xi|kcrx2 irreducible and X1X2 is 
irreducible and quasi-primitive. Then xi "i-s quasi-primitive. 
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Proof. Suppose X2 is not quasi- primitive and let A'^ < G be such that X2\n is 
not homogeneous. If X2|7Vkcrx2 is homogeneous, then X2|Afkcrx2 — f^'' some 
6 e Irr(7Vkerx2) and clearly kerx2 = ker0, so 9n is irreducible and x^In is homo- 
geneous, contradicting the choice of N. Hence we may replace N with iVkerx2 and 
assume that N D kerx2- If V and i]^ are distinct constituents of X2|a' then in N, 
Xi|kerx2 is irreducible and hence xiV and xiV^ = (xi'7)^ are distinct constituents 
of XiX2|Af- This contradiction completes the proof. □ 

Proof of Proposition \3.4\ We may assume that x is not strongly irreducible. In 
particular, x is non-linear so Z{x) 7^ G, and we may choose K < G he such that 
K/Z{x) is a minimal normal subgroup of G/Z[x)- If x\k is irreducible, then by 
Proposition I3.2r 4) applied in G/ker^, and Lemma 13.11 x is strongly irreducible, 
a contradiction. Hence, since x is quasi-primitive, x\k — fv for some / > 1 and 
rj € Irr(i^), where ?7(1) > 1 because K ^ Z{x)- 

By theorems of Clifford (e.g. [iSl Theorem 8.16] or [H Theorem 51.7]) and 
Schur (e.g. •12, Theorem 11.17] or [H Theorem 53.7]), there is a central extension 
TT : G -» G such that if x denotes the lift of x to G, then there exist irreducible 
characters Xi,X2 G Irr(G) satisfying 

XiX2 ^ X, 
Xi(l)-r;(l),xi|^eIrr(X), 

X2(l) = e,if CZ(X2), 
where K is the pre-image of K in G. Since xlkcr(x2) ~ cXi|kcr(x2) i^ homoge- 
neous, we know that Xi|kcr(x2) i^ homogeneous, and as Xi|z(x2) i^ irreducible and 
■^(X2)/ ker(x2) is cyclic, it follows for example by Corollaries 11.22 and 6.17 in 
|12j . that Xi|kci x2 is irreducible, so by Lemma [3T5l X2 is quasi-primitive. We show 
that xi is strongly irreducible. Let Ki — KZ(xi)- Then Ki <] G and Xil-ffi is 
irreducible. Moreover (as for any product of characters), we have 

z{x) = {g e Gi, |xi(g)| |x2(g)| = xi(i)x2(i)} = ^(xi) n Z{x2), 

and since also ^(x2) 3 K and Z{x) C K, it follows that Z{x) ~ K f) Z{xi), and 

Xi/Z(xi) - K/K n Z(xi) = K/Zix) 

as G-operator groups. Since K/Z{x) is a chief factor of G, we have that Ki/Z{xi) is 
a minimal normal subgroup of G/Z{xi)- By Proposition l3.2r 4) applied in G/ kerxi, 
and Lemma [3 .11 xi is strongly irreducible. Since X2(l) < x(l)i an obvious induction 
applies to give an extension tt : Gi ^ G and strongly irreducible characters pi, Pn 
with 

n 

'[lPi = X, 

i=l 

where x = X ° ^ is the inflation of x to Gi. Lastly, we show that we can replace Gi 
with a central extension of G. Let A = f]^ ker pi n ker tt. Then tt factors through 
Gi/A and the pi all deflate to Gi/A. Moreover, by Lemma [3T] each pi is a strongly 
irreducible character of Gi/A. Hence we may replace Gi with Gi/A. We suppose 
this replacement has been made, so A = 1. Now 

n 

ker^CkerxCZ(x) = fl^('°*)' 

i=l 
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SO if g £ kcrTT, then [g,G] C P|"^j^ kerp n kerTr = A = 1, and so kerTr is central. 
This completes the proof. □ 



Proof of Theorem B. By Proposition 13.41 there exist a central extension n : G ~> G 
and strongly irreducible characters pi € Irr(G) with Yii Pi = Xj where X — X ° 
Let g & G and let gi G G with Tr{gi) — g. Then = Hi ■ Hence, we 

need only prove the result each pi. If pi is linear then this is clear. Otherwise, let 
p be a prime dividing pi{l). Then by hypothesis G is p-solvable and hence so is G, 
being a central extension of G. The result follows from Lemma |3. II and Proposition 
[32t2) applied in G/keipi. □ 

For the proof of Theorem A, we need the following additional information. 

3.6. Proposition. Let G be p-solvable and suppose that x G Irr(G) is strongly 
irreducible and p divides x(l). Let x E G. Then xi^) i/ and only if xi^p) 0- 

Proof. Let N ~ ker By Lemma [3.11 x is strongly irreducible viewed as a character 
of G/N. Since {xN)p = XpN, the result will follow if we can show that x{^^) 
if and only if x{{xN)p) ^ 0. Thus we may assume x is faithful, and we are in the 
situation of Proposition 13.21 We use the notation of that Proposition. Thus, we 
must show that Ux = Gk{x) if and only if Ux^ = Cxixp). 

U k G Ux, then = kz for some z € Z. Since K/Z is elementary abelian, 
k'P E Z. Hence {k^Y = = k^z^ and z^ = 1. Then since kxk~^ = xz and z is a 
p-element, we have kxp'k~^ = Xpi and kxpk~^ = XpZ. Hence Ux = Ux^ H Cxixpi). 
Thus if Uxj, = Gk{xp), then Ux = Ck{x). 

On the other hand, suppose Uxj, 7^ Gxixp), and choose k in Uxj,\Gk{xp)- Thus 
k^p — kz for some z E Z with z 7^ 1. As above, since k'P E Z, we have = 1. Let 

r=l 

Since K/Z is abelian, {k'Y^' E k'Z. Also, 

r=l 

Therefore fc' E Ux^ H Ux_^, — Ux, but since z 7^ 1 and z^' = 1, we have z°'^'^p'^ 7^ 1, so 
k' ^ Gk{xp). Thus k' E Ux\Ck{x), and it follows that Ux 7^ Gk{x). This completes 
the proof. □ 

Proof of Theorem A. As in the proof of Theorem B above, we have by Proposition 
13.41 a central extension tt : G — > G and strongly irreducible characters pi E Irr(G) 
with YiiPi = Xj where X = X ° For g E G, let gi E G with Tr{gi) = g. Then 
7r((7ip) = gp. We have x(5) 7^ if and only if Pi{gi) 7^ for each i, which by 
Proposition 13 . 61 is equivalent to x(5ip) = x(5p) 7^ 0, as required. □ 

4. Properties of solvable groups 

Before addressing Theorems C and D in the next section, we collect here some 
mostly well known group-theoretic and cohomological facts about solvable groups 
and their maximal subgroups. We also give the proofs of Theorems G and H. 
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4.1. Proposition. Let G be p-solvable and let X be a faithful, simple G-module 
withp\\X\. ThenH^{G,X) = H^{G,X) = 0. 

Proof. Since X is simple, it is an elementary abelian p-group and hence is a faithful, 
simple FpG- module. As Xq (G) is semi-simple, Op{G) acts trivially on X and as 
X is faithful, Op(G) = 1. Then since G is p-solvable, Op'{G) ^ 1. Let L = Op,{G). 
As X is faithful and simple, H°{L, X) = X^ = 0. Also, Hi{L, X)=0 for aU q > 
because \L\ is prime to p. In the Lyndon-Hochschild-Serre spectral sequence E^'"^ = 
m{G/L,Hi{L,X)) H'P+''{G,X), £;f'« = for aU p,q. Thus H*{G,X) = 0, and 
in particular H^{G, X) = H^{G, X) = as desired. □ 

We record two well known corollaries of this result. 

4.2. Corollary. Let G be p-solvable and suppose X is a minimal normal subgroup 
of G with p dividing \X \ . Suppose X = Cg{X). Then X has a unique conjugacy 
class of complements in G. These complements are maximal subgroups of G. 

Proof. Clearly X is elementary abelian of order a power of p. View X as a G/X- 
niodule. Then X is faithful and simple, so by Proposition 14. 1|, H^{G/X^X) = 
H'^{G/X,X) = 0. By the usual interpretations of the first and second cohomology 
groups (see e.g. j2,, Theorem 3.12 and Proposition 2.1), X has a unique conjugacy 
class of complements in G. Let U be one of these complements. It remains to show 
that U is maximal in G. Suppose U CLCG with U ^ L. Then L = U{L n N) by 
the modular law, so LCiX ^ 1, and since X is abelian, LnX <l XL — G. Since X 
is minimal normal, L Q X and so L — G. Thus U is maximal as required. □ 

4.3. Corollary. Let X be a simple module for the group G, and suppose G is p- 
solvable where p is the characteristic of X. Then restriction is an isomorphism 
H\G,X) ^llomG{CG{X),X). 

Proof. We use the five-term exact sequence ([71 Corollary 7.2.3]), 

HHG/Gg{X),X) ^ H\G,X) ^ H\GG{X),Xf ^ H^{G/Gg{X),X). 

Since X is a faithful, simple module for G/Cg(X), we have H^^^{G/Gg{X), X) = 
by Proposition 14.11 Therefore the middle restriction map in this sequence is an 
isomorphism H^{G,X) LI^{Cg{X), X)^ . Since Cg{X) acts trivially on X, we 
have H^{Cg{X),X)^ = YLouig{Gg{X), X), and the proof is complete. □ 

Recall that the Schur multiplier of a group G is the cohomology group M{G) — 
H'^{G,C^). Proposition 13. 21 shows that when x G Irr(G) is non-linear and strongly 
irreducible, where G is p-solvable for the prime dividing x(l)i then G/Z{G) has 
a unique, minimal normal subgroup which is abelian and self-centralizing. In this 
situation, the structure of the Schur multiplier of G is known, and is described in 
the next proposition. 

4.4. Proposition. Suppose G is p-solvable and has a self- centralizing minimal nor- 
mal subgroup X — Cg{X), where X is an abelian p-group. Let U be a complement 
to X in G (such a complement exists by Corollary \4.2{ l. Then 

M{G) ^ M{U) X M{X)^, 

where the isomorphism is given by the pair of maps (rest/, resx)- 
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Proof. Consider the sequence of groups and natural maps 

1 MiG/X) M(G) ^ M{X f ^ 1. 

The complement U gives rise to a splitting of this sequence. Thus ii l : G/X ^ U 
is the natural isomorphism which takes uX ^ u for u E U, then l* is an iso- 
morphism M{U) M{G/X) and the map L*Tesu : M(G) ^ M{G/X) satisfies 
i* rest/ inf = 1m(g/x)- This shows that the sequence is split and is also exact 
at M{G/X). Let M{G) C M{G) be the kernel of restriction to U. Then M{G) 
M(J7) X M(G') as an internal direct product, where we identify M{U) = M{G/X) 
with its image under inflation. By a theorem of Tahara (pTS^, Theorem 2(11)], or see 
[TH Theorem 2.2.5]), we have an exact sequence 

1 ^ H\U,X*) M{G) M{Xf H^{U,X*). 

By Proposition since U is p-solvable and X* is a faithful, simple module for U, 
we have H^{U, X*) — H'^{U, X*) = 0. Therefore in this case, restriction to X gives 
an isomorphism M{G) — ^ M{X)'^ . The result now follows. □ 

Remark. Proposition 14.41 can also be obtained by a spectral sequence argument. 
We sketch this alternative proof. Relevant properties of the Lyndon-Hochschild- 
Serre spectral sequence can be found for example in [7l Section 7.2]. Consider again 
the sequence 

1 ^ M{G/X) M(G) ^ M{Xf ^ 1. 

As argued above, the sequence is split and exact at M{G/X). It is easy to see that 
Proposition 14.41 is equivalent to the sequence being exact at M{G) and M{X)'^ 
as well, which we prove by considering the Lyndon-Hochschild-Serre spectral se- 
quence = HP{G/X,H''{X,C'')) => iJP+9(G,C^). First, since the inflation 
map M(G/X) M{G) is a monomorphism, it follows that all differentials into 
the bottom rows q of the spectral sequence are zero. By Proposition 14.11 

E^'^ = iJP(G/X, Hom(X,C^)) = for p > 0. The differential ■ E°'^ ^ E^'^ 
is zero, since its image -©2'^ is zero. Also ^3'^ is zero since its image -^3'" is in 
the bottom row of its page of the sequence. There are no differentials out of 
for r > 3, so in fact all differentials out of E^,' vanish. The vertical edge ho- 
momorphism H'^{G,C'') E^'^ E^'"^ = ij2(X,C^)^, where the first map is 
projection and the second map is inclusion, is just the restriction map, and we have 
just shown that the second map is onto, as there are no non-zero differentials out of 
E^'"^. This gives exactness at Af(X)'^. Also, since E^^^ = E^'^ = 0, it follows that 
kerresx = E^^ = iminfg/jf , which is exactness at M{G), as required. 

4.5. Corollary. In the situation of Proposition \4-4\ f^^ particular complement U 
to X, and define a : G ^ G hy a[xu) ~ x^^u, where x E X and u E U. Then 
a G Aut(G) and a acts trivially on M{G). 

Proof. We have 

a{xiUi)c7{x2U2) = {x^^{uiX2^U^^)uiU2) = {{xiUiX2U^^)~^ U1U2) = (j{xiUiX2U2), 

where in the second equality, we have used the fact that X is abelian. Thus a G 
Aut(G). By Proposition 1131 M(G) = M{U) x M{X)°, and clearly a preserves this 
direct sum decomposition and acts trivially on M{U). We are reduced to showing 
that a acts trivially on M{X)'~^. However, since X is elementary abelian, it follows 
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from [12, Problem 11.16] that each class of M{X) contains a bilinear form 77 : 
X X X ^ , and we have r]"'{x, y) = ri{x°' ,y"') — ri{x^^ ,y~^) — i]{x, y). □ 

Next, we recall some properties of maximal subgroups of p-solvable groups. We 
will need the concepts of covering and avoidance. Recall that if K/L is a chief 
factor of G (that is, K, L <l G, L C K, and K/L is a minimal normal subgroup 
of G/L), and J7 C G is a subgroup, then U covers K/L ii K = L{U fl K), and U 
avoids K/L ifUHK C L. 

4.6. Lemma. U covers K/L if and only if UK = UL, and U avoids K/L if and 
only if\UK : UL\ = \K : L\ . 

Proof. Clearly UL C UK. If U covers K/L then UK = U{U n K)L = UL, and if 
UK = UL then K = K nUL = L{U n K) and U covers K/L. For the statements 
about avoidance, we use \UK : UL\ = \K : L\\U Ci L\ / \ U Ci K\ . Clearly U avoids 
K/L if and only if K nU = LnU, and the result follows. □ 

Let M be a maximal subgroup of G and suppose G is p-solvable for a prime 
dividing \G : M\ . In Section 2, we said that we could associate to M a right FpG- 
module Xm, where Xm is the unique minimal normal subgroup of G/CoredM). 
This is justified in the following lemma. 

4.7. Lemma. Let M he a maximal subgroup of G, and suppose G is p-solvahle 
for a prime p dividing \G : M\ . Then G/CoieciM) has a unique minimal nor- 
mal subgroup Xm, and Xm is an elementary abelian p-group and satisfies Xm = 
CG{XM)/CoTeG{M). Also, MCg{Xm) = G and M r\ Gg(,Xm) = CoreG(A/). In 
particular, \G : M\ — \Xm\ is a power of p. 

Proof. Write N — CoreG(M) and let X be any minimal normal subgroup of G/N. 
Then X ^ L/7V, so G/N = X{M/N). We have \X : X r\ M/N\ = \G : M\ , so by 
hypothesis, G is p-solvable for a prime dividing \X\ , and it follows that X is an 
elementary abelian p-group. Therefore Gg/n{X) = XCm/n{X) by the modular 
law. Since X and M/N both normalize Gm/n{X), we have Gm/n{X) < G/N, 
so as M/N is core free, we find that Gg/n{X) = X. If y is a minimal normal 
subgroup of G/N with Y ^ X, then [X,Y] <Z X r\Y ^ I, so Y <Z Cg/n{X) = X, & 
contradiction. Hence X is unique. We may therefore unambiguously label it Xm- 
We have already shown that Xm = Cg/n{Xm) = Gg{Xm)/N, and the remaining 
statements are clear. □ 

4.8. Lemma. Let M be a maximal subgroup of G, and assume G is p-solvable for 
a prime p dividing \G : M\ . Let K/L be a chief factor of G. Then exactly one of 
the following holds. 

(1) M covers K/L. 

(2) M avoids K/L, K/L is abelian and K/L = Xm as G-modules. 
Furthermore, in any given chief series ofG, M avoids exactly one factor, and covers 
the other factors. 

Proof. Assume M does not cover K/L. Then by Lemma HTBl KM ^ LM. Since M 
is maximal, LC M and KM G. Therefore \K/L\ is divisible hy \K : K n M\ = 
\G : M\ . Since G is p-solvable for a prime p dividing \G : M\ , it follows that K/L 
is an abelian p-chief factor of G. Therefore since L C K O M C K, we have 
K n M <l KM = G, so M n K ^ L and M avoids K/L as claimed. Also, 
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L C K n CoreG(M) C K Ci M = L, so L = A' n CoreG(M). Therefore, as G- 
operator groups, K/L = AXoreG(A/)/CoreG(M). Hence A:CoreG(M)/CoreG(M) 
is a minimal normal subgroup of G/CoreG(Af), so A'CoreG(M)/CoreG(Af) = Xm 
by Lemma [4.71 and K/L = Xm- Hence all the statements of (2) hold. Finally, in 
any chief series, exactly one factor K/L satisfies L <Z AI and KM = G. By the first 
part of the proof, this one chief factor is avoided, and the other factors in the series 
are covered. □ 

If L is a subgroup of the group G, we write L*^ = {L^\g G G} , the set of sub- 
groups of G which are conjugate to L. 

4.9. Lemma. Let L, M be maximal subgroups of G, and suppose G is p-solvable for 
some prime p which divides either \G : L\ or \G : M\ . Then Cotcg{L) — CoreG(M) 
if and only if L^ — . 

Proof. The "if" part is trivial. On the other hand, if CoreG(A) = CoreG(Af) = N, 
then as in the proof of Lemma l4.7i G/N has a unique minimal normal subgroup 
X, which satisfies X = Cg/n{X). L/N and M/N both complement X in G/N, so 
they are conjugate by Corollarv l4.2l □ 

4.10. Proposition. Let H and M be subgroups ofG, and suppose that M is maxi- 
mal and HM — G. Assume that G is p-solvable for a prime p dividing \G : M\ , (so 
that Xm is defined). Assume further that Xm\h is a semi-simple H -module, and 
write Xm\h — Y[i=i-^i^ where each Xi is a simple H-module. Then there exist 
maximal subgroups Mi of H, for 1 < i < n, such that 

n 

AI D H = Ali and for each i, XMi = Xi as H -modules. 

1=1 

Proof. We use induction on the index \G : H\ . We will say that the proposition 
holds for (Gi, Hi, AIi) if it holds with G, H, AI in the statement replaced by Gi, Hi 
and Ml respectively. Let Hi = HGg{Xm), so that H C Hi C G, and suppose first 
that both of these inclusions are proper. Hi induces the same transformations as 
H on Xm, so we may regard each Xi as an i?i-module, and we then have Xm\hi — 
Yl"=i Xi, where Xil^ is simple for each i. In particular, Xjj-^ is semi-simple. Also 
HiM = G. Since |G:ffi| < \G:H\, the proposition holds for {G,Hi,AI) by 
induction. Thus there exist maximal subgroups ii, L„ of Hi such that 

n 

M D Hi = ^ Li and for each i, X^. ~ Xi as iJi-modules. 

'i=i 

We have Hi = Hi n AIH = {AI n Hi)H, so for each i, since Li D AI (1 Hi, we 
have Hi = LiH. Also ^lJh — Xi\H is simple. Since \Hi : H\ < \G : H\ and Hi 
is 7r(|7Ji : ii|)-solvable, by induction the proposition holds for {Hi, H, Li) for each 
i. Since Xiln is simple, the proposition here says that AIi ^ Li n H is a maximal 
subgroup of H with XMi - Xi as i/- modules. Also AI CiH = {AI r]Hi)r\H = f^. AIi, 
and this completes the proof when H ^ HCg{Xm) G. Hence, we may now 
assume that one of the following is true. 

(1) Gg{Xm) C H. 

(2) HGg{Xm) = G. 

We treat these two cases separately. First, suppose that (1) holds. By Lemma H771 
{AI n iJ) n Cg{Xm) ^Hn {AI n Gg{Xm)) = CoreG(M). 
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Suppose A,B <\H with CorcG(Af) CA,BC Cg{Xm)- Then Ai = A{M n H) and 
Bi = B{M n H) are subgroups of H. li g = ami = bm2 G Ai D Bi, where a ^ A, 
b e B and mi, 2 E H nM, then 

a = 6m2mj;i e AnBi C BiHCgCXa/) = B{MnHr\CG{XM)) = BCoTeciM) = B. 

Hence Ai n Bi = {A n B){M n Now since Xm = Cg{Xm) /CoYeaiM), there 
exist Ri<\H with CoreG(M) C i?i C CG(XAf ), CoreG(M)/i?j = ^j, and 

CG(XM)/CoreG(M) = CG(XM)/i?i x ... x Cg(Xm)/-R„. 
Set Mi = {M n H)Ri. By the reasoning above, 

n n 

fl M, = (pl R,){M nH) = MnH. 
1=1 j=l 

Also, 

Af,; n Cg(Xm) = (M n n Cg(Xm) = {m nnn Cg{Xm))R^ = R^ 

and 

H D M,Cg{Xm) 3 (Af n H)Cg(Xm) = n MCg{Xm) = i7, 
since A4^Cg(^m) = G. Thus Af^ complements the abelian chief factor Cg{Xm) / Ri 
of H. So Afi is a maximal subgroup of _ff , and by Lemma 14.81 Xmi = Xi for each 
z. This treats case (1). 

Next, suppose that (2) holds. Let L be a maximal subgroup of G containing H. 
Then LM = G and LCg{Xm) = G, so Xm\l is simple, li L ^ H, the proposition 
holds for (G, L, M) by induction, and says that LnM is maximal in L with X^nM — 
Xm\l as L-modules. We have \L : H\ < \G : H\ and L is n{\L : L n Af |)-solvable. 
Hence the proposition also holds for {L,H,Ln M). Thus if n (i n Af) ^ H (1 M 
is maximal in ff and has XnnM — Xlc^mIh — Xm\h, which gives the proposition 
for (G, ff, Af ) in this case. 

Hence, we may finally assume that (2) holds and in addition, ff is a maximal 
subgroup of G. We must show that HCiM is maximal in ff and has XnnM — Xm\h- 
If CoreG(Af) C CoreG(ff), then since Xm = GG(-'fM)/CoreG(Af) is the unique 
minimal normal subgroup of G/CoreG(Af ) and Cg{Xm) ^ H, we have CoreG(ff ) = 
CoreG(Af) and by Lemma [4?9l ff and Af are conjugate. Since this is not consistent 
with ff Af — G, we conclude that CoreG(Af ) ^ ff and therefore since ff is maximal, 
ffCoreG(Af) = G. Then (ff n GG(XM))CoreG(Af) = ffCoreG(Af ) n Cg{Xm) = 
GG(-^Af), so as ff-operator groups, 

HnCGjXM) ^ (gnGG(XM))CoreG(Af) ^ Cg{Xm) 
H n Corec ( Af ) CoreG ( Af ) CorcG ( Af ) ' 

Thus ff n Cg{Xm) / H n CoreG(Af) is an abelian chief factor of ff which is ff- 
isomorphic to Xm\h- Furthermore, since ffCoreG(Af) = G, we have Af = (Af n 
fr)CoreG(Af) and so G = (Af n H)Cg{Xm). Thus H ^ (M D H){H D Cg{Xm)). 
Also (Af n ff ) n (ff n GG(Af )) = ff n CoreG(Af ). Therefore M n H complements 
the abelian chief factor ff n Cg{Xm)/H n CoreG (Af) of ff , so Af n ff is maximal 
in ff, and Xmhh — Xm\h by Lemma ITSl This completes the proof. □ 

If fy C G and M ^ G are maximal and G is p-solvable for each prime dividing 
[G : f.| or |G : Af I , then we write < M° if CoreG(fv) C CoreG(Af). By Lemma 
WM if > and Af < then = Af so > is a partial order on the set 
of conjugacy classes of such maximal subgroups. The following is well known. 
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4.11. Corollary. Let L,M be maximal subgroups of G, and assume that G is p- 
solvable for each prime p dividing \G : L\ or \G : M\ . If L'^ ^ Af*^, then L n M is 
a maximal subgroup of L. 

Proof. By hypothesis, L ^ CoreG(M). Therefore LCoreG(M) = G, so certainly 
LCg{Xm) = G and it follows that Xm\l is a simple L-module. Also LM = G, 
and the result follows from Proposition [4TT0l D 

4.12. Lemma. Let G be any group and let N <\ G be a normal subgroup of index 
a power of the prime p. Let Xi,\ < i < n be pairwise non- isomorphic simple FpG- 
modules. Then Xi\i^ = J^™!]^ Xij for simple modules Xi,j, and the Xi,j and Xi>ji 
are non-isomorphic unless i — i' and j ~ j' . 

Proof. Since N <i G, wc certainly have Xi\]\f — Hj^i Xij for simple FpTV-modules 
Xi_j. We must establish that these modules are pairwise non-isomorphic. Suppose 
Xij = Xiiji for some i, j and i' , j' . Then Xi\js[ and Xii \m have an isomorphic direct 
summand, so }iom^^N{Xi, Xj) ^ 0. Since HomFp7v(^i, Xj) has order a power of p, 
and G/N is a p-group, the conjugation action of G/N on }lomf^N{Xi, Xj) must fix 
some non zero element t € Ilomf^jf{Xi, Xj). Then i is an FpG-isomorphism between 
Xi and Xii, so i = i' . To complete the proof, we need to show that for any simple 
HomppG-module X, then X\n contains each simple summand with multiplicity at 
most one. By Clifford theory (written multiplicatively) , we have 

X\n ^ViX ... X Vn 

where the Vi are the homogeneous components of Xl^r, and if Ti = {g G G\Vf = Vi} 
then Vi is a simple ¥pT module. But then Vi is simple, by e.g. [6l Proposition 8.3], 
and the proof is complete. □ 

Proof of Theorem H. We have G p-solvable N <\ G with index a power of p, J7 C G 
is a regular intersection such that \G :U\ is also a power of p, and NU — G. 
By hypothesis, there exist maximal subgroups Mi with U — Mi and the Xui 
pairwise non-isomorphic. Since N is normal, XMi \ n is semisimple and since NMi = 
G, Proposition l4.10l applies. and each MiDN is an intersection of maximal subgroups 
Lj.j of N with Xi\N = Yij-^Li j- Since the Xjxji are pairwise non-isomorphic, it 
follows by Lemma 14.121 that the X^. . are non-isomorphic for distinct i or j, so by 
definition, U O N ^ f]-{Mi n N) is a regular intersection. □ 

We end this section with two omnibus lemmas describing the behaviour of com- 
plete and regular intersections, and the proof of Theorem G. 

4.13. Lemma. Let G be a group, and suppose U = HlLi ^-^i complete inter- 
section of the maximal subgroups Mi G G,l < i < n. Then 

(1) For any gi, ...,(;„ G G, if Ui = p|,j Aff* then Ui is G- conjugate to U. 

(2) For any I C {l,...,n}, Uj — f]^^j Ali is a complete intersection, and if 
>^ ^ {li fl'^c^ I OL'^d J disjoint, then UiUj — G. 

(3) If V Q G is also a complete intersection and UV — G, then U C]V is a 
complete intersection. 

(4) //tt : Gi ^ G is a central extension, then Tr~^{U) is a complete intersection 
in Gi. Also, if W C Gi is a complete intersection and kerTr C W, then 
tt(W) is a complete intersection in G. 
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Proof. Let fli be the set of right cosets of Mi with its natural right G-action, and 
let n = l\.n^. Then for any gi,...,gn € G, {Migi, M„g„) G fl and 

StabG(Afi5i,...,M„g„) = f|Mf . 

i 

Thus the Mi form a complete intersection exactly when G is 7r(|f7|)-solvable, and 
\G : Stabc{Mi, Mn)\ = \^\ , or equivalently, when G is 7r(|ri|)-solvable and is 
transitive on H.. If so, then the stabilizers of all points of are conjugate, which 
proves (1). For (2), write fi/ = Yiiei ^i- ^ transitive on fi, then G is clearly 
transitive on f2/, which as above, is equivalent to Ui = C\i^j Mi being a complete 
intersection. If / and J are disjoint then again G is transitive on fljuj, so Ui n Uj 
is the complete intersection of the Mi over / U J, and it follows by computing orders 
that UiUj — G a,s required. (3) similarly follows from the equation \G : U nV\ — 
\G : U\\G : V\ which holds when UV = G. (4) is clear (the hypothesis that the 
extension is central, is only used to guarantee that Gi is p-solvable for each prime 
p dividing jGi : 7r-i(?7)| = |G : i7|). □ 

4.14. Lemma. Let G be a group and suppose U = fXi=i Mi is the regular intersec- 
tion of maximal subgroups Mi of G. Then the following hold. 

(1) U is the complete intersection of the Mi in G. 

(2) U either covers or avoids any chief factor of G. 

(3) Let M be a maximal subgroup of G such that G is p-solvable for a prime 
dividing \G : M\ . Then either MU = G, or M is conjugate to exactly one 
of the Mi. 

(4) The set {Mi} consists of exactly one member of each conjugacy class of 
maximal subgroups of G which contain a conjugate of U. 

Proof. 1. Let 1 = Ki C K2 C ... C Km — G he any chief series of G. By Lemma 
14.81 each Mi avoids exactly one factor Kj/Kj-i, and then Kj/Kj-i = Xm;- Since 
no two are isomorphic, it follows that the different Mi avoid different chief 
factors. U avoids all these factors, so \G : U\ — YViLi \KiU : Ki-iU\ is divisible by 
n™ 1 \G : M,\. Since it is always the case that |G : fl^ M,| < J]" 1 \G : Mi\ , equality 
must hold. The relevant solvability conditions are the same for complete and regular 
intersections, so are satisfied. Hence U = f]^ Mi is a complete intersection, which 
is (1). 

2. In (1), the remaining factors \KiU : Ki-iU\ above must be unity, so U covers 
all those chief factors which are not avoided and (2) follows. 

3. From (1) and (2), in any chief series, U avoids n chief factors, which are 
the (distinct) chief factors avoided by Mi,...,M„ respectively, and U covers the 
remaining factors. By Lemma |4.7[ Cg{Xm) /CoveaiM) is an abelian chief fac- 
tor of G avoided by M. Choose a chief series of G which includes the section 
CoreG(M) C Cg{Xm)- If GG{XM)/CoTeG{M) is covered by U, then in our chosen 
series, M avoids the factor CG{XM)/CoreG{M) and U avoids n other distinct fac- 
tors. Therefore U H M avoids at least these n + 1 factors, and by considering their 
orders, we easily see that \G : U n M\ > \G : U\\G : M\ or 

\U\\M\ ^1^1^ 



\ur\M\ 

so equality holds and UM — G, which is the first alternative. 
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Otherwise, just one of the Mi must avoid Cg{X m) / CoieciM) . We may choose 
notation such that this is Mi. If M and Mi are not G-conjugate, then by Lemma [49l 
CoreG(M) and CoreG(Afi) are distinct subgroups of Cg{Xm)- Also by Lemma 
Xmi and^Af are isomorphic, \lence MiC\Cg{Xm) = Mir\CG{XMi) = CoreG(-Mi), 
and so AfinCoreG(M) = CoreG(A^i)nCoreG(M). We conclude that Mi, and hence 
[/, avoids the factor CoreG(M)/(CoreG(Mi) n CoreG(M)). Clearly M covers this 
factor, and also 

CoreG(M) ^ CoreG(M)CoreG(Mi) ^ Cg{Xm) ^ 

CoreG(Mi)nCoreG(M) ^ CoreG(Mi) CoreG(Mi) ~ 

as G-modules. Therefore, in any chief series containing the factor 

CoreG(M)/(CoreG(Mi) n CoreG(M)), 

U avoids this factor, and so avoids no other factor isomorphic to Xm, while M 
avoids the distinct chief factor C'G(-'fM)/CoreG(M), which is isomorphic to Xm- 
Again, [/ n M avoids n + 1 chief factors and by considering the index of C/ n M 
exactly as above, we conclude that MU = G. This completes the proof of (3). 

4. Clearly each Mi contains U. Conversely, if M contains a conjugate of U then 
G is p-solvable for any prime dividing \G : M| , and also MU ^ G, so by (3), M is 
conjugate to exactly one of the Mi as required. □ 

Proof of Theorem G. We have XX — i^u)'^ where ?7 is a regular intersection. Let 
y = Pi Li be the complete intersection of the maximal subgroups Li . If we can 
show that each Li contains a conjugate of U, then V contains a conjugate of U by 
Lemma r4.13r i'). We may therefore assume that V — Li is maximal. If UV = G, 
then UgeG ~ Uugcf^"' since xX = i^u)'^ vanishes off this set, we have 
U C U„gj/ V"^. Therefore, for any x & U, there exists u e U such that £ U CiV. 
However, no proper subgroup of a finite group can meet each conjugacy class, so 
C/ny = and [/ C y, as desired. Therefore UV ^ G. But then by Lemma|131i;3), 
V contains a conjugate of U. This completes the proof of the first part. 

For the last statement, if V is maximal and does not contain a conjugate of 
U, then UV ^ Ghy Lemma |lllli;3) . Then [x,x]v = = 1, so x\v is 

irreducible as required. □ 



5. Proof of Theorems C and D 

Suppose G is p-solvable and x £ Irr(G) is faithful and strongly irreducible, with 
p dividing x(l)- Let Z be the centre of G and let K/Z with K D Z he a chief factor 
of G. Then by Proposition 13. 2f 3). K/Z is the unique minimal normal subgroup of 
G/Z, and by Corollarv l4.2l G has a maximal subgroup [/, unique up to conjugacy, 
satisfying G = KU and K DU = Z. In this situation, provided p is odd, we show 
that XX = (lc/)°- 

5.1. Proposition. Let G,p,Xt Z and U be chosen as above, and suppose p is 
odd. Then xX — i^u)^ ■ 

Proof. First, suppose u G U and x(u) ^ 0. Then by Proposition l3.2r 2). x(u)x(u) — 
\Cg/z{uZ) \ . On the other hand, 

(lufiu) = {gu, ueunus} = -^^{k€K,ueUnu'} . 
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E u e U n U'', then u ^kuk ^eUDK^Z so kZe Cg/z{uZ), and conversely if 
kZ G Cc/ziuZ), then u'^ G uZ, so u G UnU''. Therefore 

{luf{u) = \CK{u)/Z\^x{u)x{u). 

Now suppose we can show that u £ U imphes xC'^) 0- Then the above reasoning 
appHes to any m G C/, so XX ^nd (Ic/)'^ agree on J7. However is zero off the 

union of the conjugates of U, and since J2geG('^u)'^ (d) = \G\ = EgeG x(ff)x(5), 
and x(ff)x(5) ^ for all 5 G G, so in fact xx must also vanish off the union of the 
conjugates of U, and we have xX = i^u)'^ ■ 

It therefore remains to show that x does not vanish on U. Choose a transversal 
T to Z in G. For g G, let g* £ Z he the unique element with g — tg* and 
i G T. Let / : G/Z x G/Z ^ Z be defined by figiZ,g2Z) = (gi.92)*/(.9i*.92)- 
Then / is well defined and is a 2-cocycle on G (/ is just the factor set associated 
with the extension G of Z). We have x\z — xi^)^ where A : Z — > is a linear 
character. Then f\ defined by /a = A o / is a 2-cocycle f\ : G/Z x G/Z C^. 
Hence fx defines a class [fx] G H^{G/Z,C^). If [31,92] = z € Z then (7152 = 92912, 
so fx{giZ, g2Z) / fx{92Z, giZ) = {9192)* / {9291)* = K^)- Since 2-coboundaries are 
symmetric, the above equation remains true if fx is replaced by a cohomologous 
2-cocycle. By CoroUarv 14.51 applied to G/Z, f^ is cohomologous to fx, where a is 
the automorphism of G/Z which acts trivially on U/Z and inverts K/Z. Hence if 
k £ K,u £ U and [k.u] = z <E Z then [k^^, u] — z~^ and 

A(z) = /A(fcZ,uZ)//A(uZ,fcZ) - /A(fc-iZ,uZ)//A(iiZ,fc-iZ) = A(z-i). 

Since A is faithful, we have z^ — 1. But since z — [fc,u] is central in G, we have 
z^ = \k, m]^' — \kP ,v\ — 1, where the last equality is because k^ G Z. Since p is odd, 
we have z = \. Hence Gk/z{u) = Ck{u)/Z. By Proposition 13.21 x does not vanish 
on U, as required. □ 

5.2. Corollary. Let x G Irr(G) and suppose x(l) divisible by the odd prime p 
and G is p-solvable. Then x is strongly irreducible if and only if XX — i^u)'^ for a 
maximal subgroup U ^ G. 

Proof. The "only if" part follows from Proposition 15.11 applied to G/kerx, using 
Lemma l3.ll For the other implication, suppose xx = i^u)'^ for a maximal subgroup 
U. Then Z{x) = CoYeciU), so if TV <l G then either NU — G, in which case x|jv is 
irreducible, or C CoreG(C^) — Z{x)- □ 

We have given an essentially self-contained derivation of Corollarv l5.2[ based on 
the elementary Proposition 13.21 By adopting this approach, we have given self- 
contained proofs of Theorems A and B along the way. The most difficult aspect 
of Corollary 15.21 is the fact that x does not vanish on U, and in our treatment this 
follows from properties of the Schur multiplier oi G/Z given by Proposition l4.4l and 
Corollarv l4.5l 

However, Corollarv l5 . 21 can alternatively be inferred from a fundamental theorem 
of Isaacs on ramified sections. Before proceeding, we show how this is done. Recall 
that a character five (G, K, L, 6, 0) is a group G with normal subgroups K,L <\ G 
with L C K, 9 £ Iti{K), (f) G Irr(i) such that (/> is a constituent of 6l and 9, (f) are 
invariant in G and fully ramified with respect to K/L. 
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5.3. Theorem ([TT], Proposition 9.1). Let {G, K, L,6,<j)) be a character five and 
assume that either \G : K\ or \K/L\ is odd. Then there is a (reducible) character 
Tp G Char(G') and a subgroup U C G with the properties that 

(1) UK = G andUnK = L. 

(2) ForgeG, mg)^ = \Gk/l{9)\ 

(3) If g € G is not G-conjugate to an element of U then x(9) = for all 
X G Irr(G|0). 

(4) The equation x\u — V'Ic/Ci for X G l'rT:{G\6) and ^ G Irr(C/|0) defines a 
one-to-one correspondence between these sets of characters. 

(5) If \G : L\ is odd, then x o,rid ^ correspond above, if and only if 2 \ [x\ui^]- 

5.4. Corollary. In the situation of Theorem \5.!A let x G Irr(G|0) and suppose that 
0(1) = 1 and x\k is irreducible. Then 

(1) XX=(lc/)^. 

(2) x\u has a linear constituent. 

Proof. By hypothesis, x\k is irreducible, so since x G Irr(G|6'), we have x\k = 6- 
By the hypotheses of Theorem ESI (6l(l)/0(l))2 = \K/L\, so in fact x(l)2 = \K/L\. 
However by Theorem I5.3f 2). V'(l)^ = \K/L\, and we conclude that x(l) — 
But by Theorem l5.3r 3). x\u — '4'\u£,i where ^ G Irr(?7). Hence ^ is linear. Therefore 
by Theorem [0);2), (3), 

I / x|2 I , / m2 j \Ck/l{9)\ "iig ^U, 

\x{9)\ = mgn = Sr. . 

otherwise. 



As in the first part of the proof of Proposition 15.11 the right hand side of the 
above equation is just {lu)'^{g), which proves (1). Also, by Theorem 15. 3r 5). x\u 
contains the linear constituent ^, which gives (2). □ 

Proof of Theorem C. First, we show that we can reduce to the case x strongly 
irreducible. By Proposition 13.41 there exist a central extension tt : G ^ G and 
strongly irreducible characters pi, p„ G Irr(G') with 0"=! Pi — X: where x = x^t^ 
is the lift of x to G. By Corollary [521 for each i there is a maximal subgroup Mi C 
G with pipi — (l^:^.)*^. Assuming that Theorem C holds for strongly irreducible 
characters, we have that Moipi) = Mf . For each i, Core^M, = Z{p,) D Z{G) D 
kerTT, so Mi — ■n{Mi) is a maximal subgroup of G, and clearly piPi may be viewed 
as a character of G and then has piPi = [1^.]'^ . Put ?7 = Hi -^i- Then 



Mi 



[XX, l]c 



so G is transitive on HillMj''- It follows that U is the complete intersection of the 
Mi. Also XX = (Ic/)*^- If ^ Q G is a complete intersection and x\v has no zeros, 
then by Lemma |4T3l^4) , 7r~^(T^) is a complete intersection in G. No pi has a zero 
on 7r^^(F), so since we are assuming that Theorem C holds for each pi, 7r^^(F) is 
conjugate to a subgroup of Mi for each i. By Lemma r4.13f 1). V is conjugate to a 
subgroup of U, as required. 

We are left with the case that x is strongly irreducible. We may assume x is 
non- linear, since otherwise the result is trivial with OTo(x) = {G} ■ By Corollary 
5.21 again, there is a maximal subgroup U C G with xX = (Ic/)*^- Clearly U G 
9Jto(x). Now suppose L = nr=i Mi C G is the complete intersection of the maximal 
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subgroups Mi C G, and suppose x\l has no zeros. We have to show that L Cq U. 
We use the partial ordering introduced below Lemma [4.91 noting that since L = 
nr=i C G is a complete intersection, G is p-solvable for each prime p dividing 
|G : Mil ■ First, suppose there exists i such that Mf^ ^ Mj^ for all j ^ i, and 
Mf ^ U'^. We may choose notation such that i = 1. Then L = nr=2(^^i ^ 
and by Corollarv l4.111 each Mi n Mi is a maximal subgroup of Mi. Also since L is 
a complete intersection in G, by Lemma |4?T3t2), MiMi = G for all « ^ 1, and so 
from 

n 

|G:i| =[]|G:M,|, 

i=l 

we have 

n n n 

\Mi ■.L\=Y[\G: M,\ = II \MiM, : M,| = J| \Mi : Mi n M,| , 

i=2 1=2 1=2 

which shows that L is a complete intersection in Mi. Also, since M^ ^ C/*^, C/ n 
Ml is a maximal subgroup of Mi and C/Mi = G, so xxImi = (Ic/nMi)*^^ and 
by CoroUarv 15.21 x\mi is strongly irreducible. Hence U Ci Mi G 9JIo(x|mi)- By 
induction, L is Mi-conjugate to a subgroup of UDMi, so L is certainly G-conjugate 
to a subgroup of U, as required. Hence we may assume that no such i exists, so for 
every i, at least one of the following holds. 

(1) There exists j ^ % such that Mf > Mf . 

(2) A/f > JJG. 

Since L is a complete intersection, MiMj — G for i 7^ j by Lemma [4.13f 2). so 
Mf ^ Mf. Therefore, if (1) holds for any i, then M^ > Mp, and repeating with 
Mj, eventually (2) must hold. Hence in fact (2) holds for each i, and we conclude 
that Z{x) = CoTeciU) C CoreG(Mi) for each i. If no Mi is conjugate to U, then 
by Lemmas 14.91 and 14.71 we have Cg{Xij) ^ L. But since x is strongly irreducible, 
x\cg(Xu) is irreducible. Then since x is non-linear, x must have a zero on Cg{Xij). 
This conflicts with Gg(^c/) ^ L, and this contradiction completes the proof. □ 

The proof of Theorem D is free, being essentially contained in the first part of 
the proof of Theorem C. 

Proof of Theorem D. The first part of the proof of Theorem C gave a complete 
intersection J7 = Hi ^'^i with XX = (If/)'^ and the statements of Theorem D all 
satisfied. By Theorem C, all elements of S!Tto(x) are conjugate and so enjoy the 
same properties. □ 

6. Proof of Theorems E, F, J and K 

6.1. Lemma. Let K/L he an abelian chief factor of G and suppose ip G Irr(L) is 
invariant in G. Then either 

(1) if extends to K, or 

(2) ip is fully ramified with respect to K/L. 

Proof. This is to be found at |T31 Lemma 3.4], or as part of pLZ, Problem 6.12]. □ 

The following "going up" theorem is the key ingredient of Theorem E. Results of 
this type can be proved using Glauberman's lemma under coprimeness assumptions 
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(see particularly Theorem 13.27 in [E])- This approach does not seem to be sufB- 
cient for our application here, but we can succeed by using a short cohomological 
argument instead. 

6.2. Theorem. Suppose G is p-solvable for a prime p, and let K/L he a p-chief 
factor of G. Suppose ip G Irr(L) is G-invariant, hut that no character in 1tv{K\lp) 
is G-invariant. Let rj G lTT{K\ip). Then Irr{K\ip) consists of the conjugates of rj, 
and the inertia group Iq (rj) is a maximal subgroup of G. Furthermore, Xj^ j-^) is 
defined and X/^j,,) = {K/L)* as G-modules. 

Proof. If Lp were fully ramified with respect to K/L, then we would have — erj 
with = \K : L\ , so that rj would be G-invariant, contrary to hypothesis. Hence 
by Lemma l6.H we may assume rj is an extension of ip. Therefore, by |121 Corollary 
6.17], the characters rjX are distinct for A G lrr{K/L), and are all the irreducible 
characters of K lying over (p. li g E G then also lies over ip, so rj^ = rjXg for a 
unique Xg E lrr(K/L). Now ii g,h E G then 

so Xgh = XhXg. Writing X for the G-niodule K/L, let 5 : G ^ X* be the map which 
takes g '—^ Xg. The preceding sentence says that (5 is a derivation from G into the 
right G-module X*. Suppose 6 were inner. Then there would he ^ E lrr{X) — X* 
with Xg = ^^fi~^. Then {rjpi~^Y — V^gl^ '^ — Vl^~^^ which shows that ?7/Lt~^ E 
lTr{K\(p) is G-invariant, contrary to hypothesis. Therefore [S] E H^{G, X*) cannot 
be zero, so since G is p-solvable and Gg{X) = Cg(X*), Lemma l473l shows that 

e = ^escaix)iS) E RomGiGaiX), X*) + 0. 

Since e is not zero and X is simple, it is surjective. Hence if A G Irr(i4'/L) then 
A = A/i for some h G Cg{X), and then rf^ = 77A. In particular, every character in 
Irr(if |(^) is conjugate to 77 by an element of Gg(X). Hence they are certainly all 
conjugate in G, which proves the first statement, and moreover Gg'(^)/g('7) — G. 
Now 

kere = {<? G GG{X)\Xg = 1} = Cg{X) n /g(?7), 

and also 

CoreG(/G(??)) = n ^cMg) = Gg(X*) n/G(?7) = Gg(X) n /g(t?). 

see 

Hence kere — CoreG(/G (??)), so GG(-'i')/CoreG(/G('?)) is an abehan chief factor of G 
isomorphic to X* . Then in G/CoreG(^G(^))j Ig{v) is a complement to the abelian 
minimal normal subgroup CG{X)/GoveG{LG{^))- It follows that /g(^) is maximal 
and has Xi^(^^-^ = (K/L)*, as required. □ 

Proof of Theorem E. We have x G Irr(G) with XX = (Ic/)*^; where U C G is a 
regular intersection, and we must show that x is quasi-primitive. Suppose not, and 
let < G be such that xl^f is not homogeneous. Choose a chief series through iV, 
and let L C TV be the largest member of the series for which x|l is homogeneous. Let 
K be the next member up, so that K/L is a chief factor of G, x\l is homogeneous, 
but x\k is not homogeneous. Let 77 G Irr(_ft') and (p E Irr(i) be constituents of xlx 
and x\l respectively. We have 

x\k X! ^'^ " 

g£G/lG{v) 
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for suitable multiplicities e, /. 

We claim that U avoids K/L. First, note that 

[x,x]K = [{luf,l]K = \G:UK\ 

and similarly [x, x]i IG* : UL\ . If U does not avoid K/L then by Lemma |4?TH2), 
U covers K/L and we have [x, x]k — [Xi x]l- Now 

\G : Ig{v)\ = [x,x]k = f and e |G : /g = x(l) = /^(l), 
and dividing the second of these two equations by the first on both sides gives 
7y(l)/e = (p{l)/f, or ri{l)/(p{l) ^ e/f. However, (p{l) divides 77(1) and e divides 
/. Hence e ~ f and 7](1) — <y5(l), and we conclude from the first relation that 
\G : /g(??)| = 1- But this implies that x\k is homogeneous, which is not the case. 
Therefore U avoids K/L as claimed. In particular, by Lemma [4.61 \K/L\ divides 
\G :U\ . Since by definition of a regular intersection, G is 7r(|G : C/|)-solvable, there- 
fore K/L is a p-chief factor for some prime p and G is p-solvable. 

Also, since xx\k ~ {^u)'~^\k and U avoids K/L^ we find that x vanishes on 
K\L. Therefore if 6* G liv{K\ip), then [x,9]k ^ 0, so 6* = 77^ for some g € G. 
In particular, 9 cannot be G-invariant. Now Theorem 16.21 applies, and laiv) is a 
maximal subgroup of G with = {K/L)* . Also, since K C CoreG(/G(77)), 

we may choose a chief series passing through L^K and CoreG(/G(77)). Since both 
Ig{9) and U are regular intersections, by Lemma [4.14( 2). they cover or avoid each 
factor, and in the chosen series, U and Iciv) avoid distinct factors. By consid- 
ering the orders of U,Ig{ti) and U n Ig{'ii)j it follows that UIg{ii) = G. Hence 
[x.x]iG{r,) = [(1£/)*^,1]/g('7) = 1' so xI/g(')) ^ Iit(-^g(?/)) and x\k is homogeneous. 
This contradiction completes the proof. □ 

We next give the proof of Theorem F. This is based on similar ideas to the proof 
of [9l Proposition 1.4] in the odd order case, and makes the same use of a result of 
E. C. Dade on anisotropic modules for groups of odd order ([5j Corollary 2.10 and 
Proposition 1.10]). 

Proof of Theorem F. Let U G 9Jto(x)5 and suppose Mi, M2 are non-conjugate max- 
imal subgroups such that is isomorphic to at least one of Xjvfa or X^^^ as 
G-modules, and U C Mi n M2. In particular, G is p-solvable for each prime divid- 
ing |G : Afil = |G : M2I . Let = Cg{X) and L = CoreG(Mi) n CoreG(M2)- 
Since Mi and M2 are not conjugate, CoreG(Mi) and CoreG(M2) are distinct 
by Lemma 14.91 Since if/CoreG(Mi) is a chief factor of G and CoreG(Mi) C 
CoreG(Mi)CoreG(M2) C K, we must have CoreG(Mi)CoreG(M2) = -ftT, and there- 
fore 

K/L ^ K/CoveG{Mi) x i\:/CoreG(A//2). 
Hence K/L is elementary abelian, and as G-module (written multiplicatively) we 
have K/L = Xm^ x Xm2- 

Since x is quasi-primitive, x\l — fO, for some G-invariant 9 G Irr(L). Suppose 
L C N C K with N <l G, then similarly x\n — for some (p G Irr(iV) lying over 
9. Now X vanishes on N\L, hence so does if. Hence 9 is fully ramified with respect 
to N/L. 

We consider the form <C x, i/ defined for the character triple {K,L,9) (see 
|12l Problem 11.12] or [III Section 2]). By [III Lemma 2.7], since 9 is fully ramified 
with respect to any N <l G with L C N C K, then ^ x, y :S>g is anisotropic (that 
is, K/L, viewed as G-module, has no non-trivial isotropic G-submodule). The 
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restriction oi ^ x,y S>e to any G-submodule of K/L is then also anisotropic, and 
therefore non-singular. Hence in fact Xi = Xi, and it follows that Xi and X2 are 
isomorphic. Hence K/L is a homogeneous, not simple, anisotropic G-module. By [51 
Corollary 2.10 and Proposition 1.10], it follows that \G : K\ is even. Since Z{x) = 
CoTeciU) C K, we then have \G : Z(x)\ even. This completes the proof. □ 

For Theorem J, we need the additional information provided by the following 
theorem of Cossey, Hawkes and Willems. 

6.3. Theorem. Let G be p-solvable and let H be a Hall p- complement in G. Suppose 
X and Y are non- is amorphic simple FpG — modules, whose dimensions over ¥p 
are prime to p. Then X\i{ and Y\h are non- is amorphic simple VpH — modules. 

Proof. This is immediate from Theorems 1 and 2 of [3 , noting that the dimension 
of any absolutely irreducible constituent of X divides the dimension of X, and so 
is prime to p, and similarly for Y. □ 

Proof of Theorem J. We have XX — {^u)'~^ with U the regular intersection of the 
maximal subgroups Li, say. Note that G is p-solvable because p divides \G : U\ . 
Since C/ is a complete intersection by Lemma l4.14f l). we have 

Xilf = \G:U\ - ni^i-l =P^''™^''''^ =P'"- 

i 

Therefore J2i'^^^i-^Li) < 2p. By Theorem D(2), moreover, each \Xl. \ is a square, 
or equivalently, each dim{XL.) is even. In particular, dim^XL.) ^ p, so dim(XL.) is 
prime to p for each i. Since H contains a Hall p-complement of G, by Theorem 16. 3[ 
the . remain irreducible on restriction to LI, and moreover if either X/, . = Xj^ . 
or Xl^ = X^^ as i/-modules, then the same holds as G-modules, and so i = j. 

Since x\h is irreducible, we have [{lu)^, = 1 and it follows that HU G. 
Now by Proposition 14. 10[ each n is a maximal subgroup of H with XnnLi — 
XLiln as i/-modules. Therefore H OU is a regular intersection in H. But xx\h — 
{^u)^\h ~ i^Hnu)^ 7 so by Theorem E, x\h is quasi-primitive, as required. □ 

Proof of Theorem K. We have x G Irr(G), G is 7r(x(l))-solvable and |G : Z{x)\ is 
odd. Suppose H C G and 6 is a character of H with 6'~^ — ex for some e e N. 
Suppose for a contradiction that this is possible with H ^ G. 

By Theorem D, there is a central extension n : G G such that the lift X = 
factors into a product of strongly irreducible characters of G. Let H = 7r~^{H), the 
pre-image of in G and 6 ~ 9 o tt, the lift of 9 to H. Then 9^ — ex and H G, 
so we may replace G, H, x, 9 with G, H, 9 and hence assume that x = Y[i=i Pi is 
a product of strongly irreducible characters in G. We may also clearly assume that 
H is maximal and 9 is irreducible. 

Let M, e Tloipi). Then U = f]^M, e Ttoix) and by Theorem F, U is the 
regular intersection of the Mi. Since ex = 9'~^, x vanishes off conjugates of H, so by 
Lemma r4.14f 3). H is conjugate to exactly one of the Mi. By choosing notation, and 
replacing H with a conjugate subgroup if necessary, we may assume that H — Mi. 
Let 1/) — nr=2 X — Pii'i and let V = (^"=2 Then i/'V-' = (Iv)'^ and 

since x is irreducible, we have [{Ir)'^ , {'^v)'^] — I7 so that HV = 1 and '4'\h is 
irreducible. Now from ex(l) = epi (1)^(1) = |G : i?| 9{l) and pi{lf = |G : i?| , we 
deduce that 

eV'(l) = 0(l)pi(l), 
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and by Frobenius reciprocity, 

[0,x]h = e = [e,pii:]H = [9pi,ip]H- 
Since V'l-tr is irreducible, we must have 

Opi\h = ei>\H- 

At this point, we can observe that e > 1, giving the odd order case of Berger's 
theorem. This foUows because pi\h is not irreducible (to see this, for example, we 
can use pipi = {^h)^ to check that [pi, pi\H = [piPi, > !)■ However, we do 
not use this. Instead, Corollary 15. 4f 2) shows that Px\h has a linear constituent ^. 
Therefore, since 9 and are irreducible. 

Therefore 6'(1) = -0(1) and 

= |G : H\' V(l)Vx(l)' - \G : / Pi{lf ^ \G : H\ ^ \HV :H\^\V:U\. 
Also, ex = 0'^ — {'<P\h£,)'^ — i^i'^ 1 aiid, using ^pijj — (1\/)'-^, we have 

= = [iPeM^'h = [i'i',^''e]G = [e\v,e\v]v = [(e^)'', (eir/)^]y, 

so 

geu\v/u 

Since ^ is linear, we have [S,^,£,]usnu < 1, so = \V : U\ < \U\V/U\ , so equality 
must hold, and we conclude that U <l V and ^|;7 is invariant in V. Now since 
HV = G and pipi = (1^)'^, we have = [{1h)'^A]v = 1 and pi\v is 

irreducible. Therefore since U <i V, and pi\ir contains the invariant character 
^(7, so pi\u = pi{l)^\u and we conclude that U C Z{pi) = CoreoiH). Therefore 
as XX = i^u)^ , X vanishes off the normal subgroup K = CoieciH). Let iV be a 
maximal normal subgroup of G containing K. Then G/N is cyclic of prime order 
and X vanishes off N, so x\n cannot be irreducible, and the only possibility is that 
x\n is a sum of distinct characters, contradicting the fact that x is quasi-primitive. 
This completes the proof. □ 
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